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Abstra
tBa
kward demodulation is a simpli�
ation te
hnique used in saturation-based theoremproving with superposition and ordered paramodulation. It requires instan
e retrieval, i.e.,sear
h for instan
es of some term in a typi
ally large set of terms. Path indexing is a family ofindexing te
hniques that 
an be used to solve this problem eÆ
iently. We propose a numberof powerful optimisations to standard path indexing. We also des
ribe a novel frameworkthat 
ombines path indexing with relational joins. The main advantage of the proposeds
heme is 
exibility, whi
h we illustrate by sket
hing how to adapt the s
heme to instan
eretrieval modulo 
ommutativity and ba
kward subsumption on multi-literal 
lauses.Keywords: ba
kward demodulation, instan
e retrieval, path indexing.
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1 Introdu
tionE�e
tiveness of saturation-based theorem proving in �rst-order logi
 with equality ([Nieuwenhuisand Rubio 2001℄) strongly depends on the use of various redundan
y dete
tion and simpli�
a-tion te
hniques. In provers implementing the superposition or ordered paramodulation 
al
ulithe most widely used simpli�
ation te
hnique is probably demodulation, also known as term



2 2 Preliminariesrewriting. If we have derived a unit equality s ' t, we 
an simplify other 
lauses in the follow-ing way. A 
lause C[s�℄, where � is some substitution, 
an be repla
ed by a \simpler" 
lauseC[t�℄, if s� � t�, where � is the used simpli�
ation ordering on terms.Typi
ally, demodulation is applied in two modes. Forward demodulation rewrites newly de-rived 
lauses by unit equalities that are already in the 
urrent 
lause set. This report deals withba
kward demodulation, whi
h uses newly derived positive unit equalities to rewrite some old
lauses. The main ingredient of any implementation of ba
kward demodulation is a pro
edurefor �nding out whi
h parts of whi
h 
lauses 
an be rewritten by a given equality. This task 
anbe usually redu
ed to solving the instan
e retrieval problem, i.e., �nding all or some instan
esof a query term in a set of terms. Apart from ba
kward demodulation in theorem proving,instan
e retrieval 
an also be used as a 
omponent of 
ompletion in term rewriting (see, e. g.,[Dershowitz and Plaisted 2001℄).EÆ
ient sear
h in large term sets usually requires some kind of indexing ([Graf 1996, Sekar,Ramakrishnan and Voronkov 2001℄). Path indexing introdu
ed in [Sti
kel 1989, Ramesh, Ra-makrishnan and Warren 1990℄ is an indexing te
hnique suitable for instan
e retrieval. The
ontributions of this report 
an be divided in two parts. First, we propose and assess experi-mentally a number of powerful optimisations to the standard implementation of path indexingfor instan
e retrieval. Se
ond, we des
ribe a novel te
hnique that 
ombines path indexing withrelational joins in order to provide perfe
t �ltering for instan
e retrieval. The main advantageof the proposed framework is 
exibility, whi
h we demonstrate by adapting it to more 
om-plex problems, su
h as instan
e retrieval modulo 
ommutativity and ba
kward subsumption onmultiliteral 
lauses.2 Preliminaries2.1 Instan
e RetrievalThe work des
ribed in this report is aimed at �nding eÆ
ient solutions to the following de
isionproblem. Given a set of �rst-order terms I and a query term q, �nd all su
h substitutions � thatthe instan
e q� of q is in I. This retrieval operation is supposed to be performed frequently.In addition, the database of terms I 
an be dynami
ally updated between 
alls to retrievalby adding or removing some terms. We are interested in 
ases when I grows very large andstraightforward enumeration-based sear
h be
omes hopelessly ineÆ
ient.It is important to emphasise that upon retrieval we are interested in �nding both the sub-stitutions � and pointers to the datastru
tures representing the found instan
es q� expli
itely.In the 
ontext of ba
kward demodulation, the substitutions are needed, in the �rst pla
e, forinstantiating the right-hand side of the rewrite rule. Additionally, if we allow demodulation byequalities that are not preordered, the ordering 
onstraint asso
iated with an equality has tobe 
he
ked on the retrieved substitutions.2.2 Term IndexingThe mainstream approa
h to implementing sear
h in large term sets eÆ
iently is based on termindexing (see [Graf 1996, Sekar et al. 2001℄). Devising a term indexing te
hnique for instan
eretrieval amounts to �nding a datastru
ture for representing the term sets I, 
alled an index.The main purpose of the index is to fa
ilitate fast algorithms for retrieval of instan
es of various
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bfaf(a) gfxxg(f(x); x)) aag(f(a); a)) bg(f(a); b)) haag(h(a); a)Figure 1: Dis
rimination tree for ff(a); g(f(x); x); g(f(a); a); g(f(a); b); g(h(a); a)gquery terms q. Sin
e the database of terms is dynami
ally 
hanging, we should also provideeÆ
ient pro
edures for maintenan
e of the index, i.e., insertion and deletion of terms.In what follows, we only 
onsider indexing te
hniques that provide �lters for the spe
i�edretrieval 
onditions, i.e., they always �nd (a superset of) all solutions. Moreover, we are onlyinterested in perfe
t �ltering, where all the retrieved terms are solutions.Shortly we will des
ribe two 
lassi
al examples of indexing te
hniques for instan
e retrieval:dis
rimination trees and path indexing. The former will be used as a ben
hmark in our experi-ments. The latter provides a basis for the main material of this report. In Se
tions 4, 5, 6 wedes
ribe a number of optimisations whi
h allow very eÆ
ient implementation of standard pathindexing. In Se
tion 7 we des
ribe a novel te
hnique based on path indexing that extends well toother important problems: instan
e retrieval modulo 
ommutativity and ba
kward subsumptionon multiliteral 
lauses.2.3 Dis
rimination TreesA dis
rimination tree for a set of terms I 
an be viewed as a tree whose leaves 
ontain termsfrom I and inner nodes are labeled by term symbols, i.e., fun
tion symbols and variables. Ifa bran
h leads to a leaf with a term t, the 
orresponding sequen
e of the inner node labelsfrom the bran
h is exa
tly the string representation of the term t, i.e., the sequen
e of symbolsobtained by traversing t in the left-to-right depth-�rst manner. Figure 1 shows a dis
riminationtree for the set ff(a); g(f(x); x); g(f(a); a); g(f(a); b); g(h(a); a)g.Maintenan
e of a dis
rimination tree is straightforward regardless of the 
hosen spe
i�
representation. Retrieval of instan
es is done by simultaneously traversing the query term andtraversing the dis
rimination tree with ba
ktra
king. If the symbol in the 
urrent position inthe query term is a fun
tion symbol, a forward move in the tree 
an only be done towards anode labeled by this fun
tion symbol. If we fail to �nd su
h a node, we have to ba
ktra
kto the most re
ent ba
ktra
k point. If the symbol in the 
urrent position in the query is anuninstantiated variable, the 
urrent position in the tree be
omes a ba
ktra
k point, and we skipsome part of the leftmost bran
h starting with this node. Labels from this part of the bran
hmust represent a term whi
h be
omes the 
urrent instan
e of the variable. Upon ba
ktra
king,we follow the leftmost of the yet unexplored bran
hes. When a variable instantiated by a term sis met in the query, we treat it as if it were s itself. When a leaf is rea
hed, we report its 
ontentas a found instan
e together with the 
olle
ted substitution, and ba
ktra
k with the purposeof �nding more instan
es. For more details on dis
rimination trees and related algorithms see[Graf 1996℄.



4 2.4 Standard Path Indexingf g ;f ; f h ;a ; x a ; a ;# x ; a b ; a ;# # # #f(a) g(f(x); x) g(f(a); a) g(f(a); b) g(h(a); a)Figure 2: Con
rete representation of the dis
rimination tree from Figure 1Sin
e we are going to 
ompare other indexing te
hniques with our implementation of dis-
rimination trees, it is ne
essary to spe
ify the 
on
rete data representation we are using. Figure2 shows how the dis
rimination tree from the previous example is represented. Bran
hes 
omingout of an inner node or the root are 
olle
ted into a linked list. An element of the list 
ontainsthe term symbol 
orresponding to the bran
h, and a pointer to the list 
orresponding to thesubtrees of the bran
h. To dete
t the absen
e of need for ba
ktra
king earlier, the lists areordered using some order on term symbols, in whi
h any variable is smaller than any fun
tionsymbol. Leaves 
ontain a spe
ial symbol # instead of a term symbol, together with a pointerto the indexed term.2.4 Standard Path Indexing2.4.1 Paths in TermsThe key notion for des
ribing path indexing is that of a path in a term. Every path is a sequen
eof fun
tion symbols interleaved with non-negative integers. Suppose that we represent a termas a tree whose nodes are labeled by the fun
tion symbols and variables, and the edges by the
orresponding argument positions. For example, the term f(g(a; x; b); h(y; x)) is represented bythe tree in Figure 3. Now, if we 
olle
t the labels ex
luding variables and the numeri
 labels ofthe edges leading to nodes with variables, along any of the paths in the tree, we get a path inthe original term. The paths in this term are the following sequen
es: [f ℄, [f:1:g℄, [f:1:g:1:a℄,[f:1:g:3:b℄ and [f:2:h℄. Paths(t) will denote the set of all paths in a term t. We will sometimesspeak about paths without asso
iating them with a parti
ular term, in whi
h 
ase we assumethat the obje
ts we 
all paths are paths in some terms. A path in a term will be 
alled maximal,if it is not a proper pre�x of any other path in the term. The set of all maximal paths in tis denoted by MaxPaths(t). For example, the term 
onsidered above 
ontains three maximalpaths: [f:1:g:1:a℄, [f:1:g:3:b℄ and [f:2:h℄.
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a 1 x 2 b3 h2

y1 x2Figure 3: Labeled tree for f(g(a; x; b); h(y; x))2.4.2 General S
heme for Path IdexingStandard path indexing is based on the following observation: every instan
e t of a term q
ontains all paths from q. This property allows us not to 
onsider terms that do not have somepaths from q, as potential instan
es of q. We 
an always restri
t ourselves by 
onsidering onlythe maximal paths in q. Indeed, a term t 
ontains all paths from q if and only if it 
ontains allmaximal paths from q.Let us formulate a general s
heme for path indexing. The index for a set of terms I shouldgive us a possibility to extra
t the set I� = ft 2 Ij� 2 Paths(t)g for any given path �. Whenwe need to retrieve all instan
es of a term q from I, we 
ompute the 
andidate set 
ontainingall terms from I that 
ontain all maximal paths from q:CandSet(I; q) = \�2MaxPaths(q) I�:The 
andidate set CandSet(I; q) 
ontains all instan
es of q in I, and typi
ally is mu
hsmaller than I. Unfortunatelly, it may 
ontain some terms that are not instan
es, sin
e thepresen
e of all paths from q in a term t does not guarantee that t is an instan
e of q. For example,t = f(g(a; a); h(b; b)) 
ontains all paths from q = f(g(a; x); h(y; x)), but is not an instan
e ofq, sin
e t has di�erent terms a and b in the positions 
orresponding to o

uren
es of the samevariable x in q. Even if we know that CandSet(I; q) 
oin
ides with the set of instan
es, as in the
ase of a linear term q, it tells us nothing about the 
orresponding substitution, whi
h we haveto �nd expli
itely. In order to resolve these problems, we need to perform additional 
leanupon CandSet(I; q), getting rid of terms that are not instan
es of q and 
omputing substitutionsfor those that are.2.4.3 ImplementationOur implementation of the standard path indexing te
hnique is a straightforward spe
ialisation(for instan
e retrieval) of the implementation des
ribed in [M
Cune 1992℄.The sets I� are represented as sorted lists of pointers to the datastru
tures representingthe indexed` terms, or any other obje
ts that 
an serve as term identi�ers. These lists will be
alled path-lists. We assume that all indexed terms and their subterms are perfe
tly shared, i.e.,di�erent pointers always represent synta
ti
ally di�erent terms. Interse
tion of sorted lists 
anbe 
omputed a

ording to the pro
edure in Figure 4.



6 2.4 Standard Path Indexing

pro
edure interse
t(L1; : : : ; Ln)assume n > 1, L1; : : : ; Ln are in as
ending orderif L1 = nil then stop
and := hd(L1)i := 1repeat inde�nitelywhile Li 6= nil and hd(Li) < 
andLi := tl(Li)if Li = nil then stopif hd(Li) = 
andthenLi := tl(Li)if i = nthenreport 
and as a member of the interse
tionif L1 = nil then stop
and := hd(L1)i := 1elsei := i+ 1else
and := hd(Li)i := 1end Figure 4: Interse
tion of sorted lists
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I[f ℄ = [t1; t2℄f1

I[f:1:a℄ = [t1; t2℄a 2
I[f:2:g℄ = [t1; t2℄g1

I[f:2:g:1:a℄ = [t1℄a I[f:2:g:1:b℄ = [t2℄b

I[g℄ = [t3℄g 1
I[g:1:f ℄ = [t3℄f1

I[g:1:f:1:a℄ = [t3℄a 2
I[g:1:f:2:b℄ = [t3℄bFigure 5: Example of a trie for a

essing path lists.t1 = f(a; g(a)); t2 = f(a; g(b)); t3 = g(f(a; b))For a

essing the path-list, asso
iated with a path, any hashing in whi
h the path is the keywill do. Another solution, whi
h is probably optimal, is to employ the well-known datastru
ture
alled trie. In our settings, a trie is a dire
ted tree whose edges are labeled by fun
tion symbolsor non-negative integers. Every node with an in
oming edge labeled by a fun
tion symbol
orresponds to a path � in some terms from I, and 
ontains the pointer to the path-list I�.The 
orresponden
e is straightforward: � is the sequen
e of node labels in the path leadingfrom the root of the trie to the node in question. Consider an example with a small indexed setI = ft1; t2; t3g, where t1 = f(a; g(a)), t2 = f(a; g(b)) and t3 = g(f(a; b)). The 
orrespondingtrie is depi
ted in Figure 5.Given a path �, to �nd I�, we simply navigate through the trie, following the nodes, labeledwith the 
orresponding symbols from �, until we get to the node 
ontaining I�. If we failto �nd su
h a node in the trie, we assume that I� is empty. Maintaining the index is alsostraightforward. To insert a term t, for every path � in it, we �nd the node with I� and add tto this path-list. If there is no su
h node in the trie, we �rst add the 
orresponding bran
h tothe trie with empty path-lists in the new nodes. To remove t, we delete it from all I�, where� 2 Paths(t). As soon as a path-list I� be
omes empty, it is safe to remove the 
orrespondingnode from the trie.Finally, let us des
ribe how the 
leanup on the 
andidate set is implemented. As soon asretrieval pro
edure for a query q reports a newly found 
andidate term t, we apply a mat
hingpro
edure Mat
hCand (q; t) to it, in order to 
he
k if t is an instan
e of q and to �nd the 
orre-



8 2.5 Experiment Settingspro
edure Mat
hCand (q; t : term)� : substitution := ;if Mat
hCand 0(q; t; �)then report su

ess with substitution �else report failureendfun Mat
hCand 0(q; t : term;var � : substitution) : boolif q is a variable xthenif x is instantiated in �then return (x� = t)elseadd assignment x! t to �return trueelselet q = f(q1; : : : ; qn); t = f(t1; : : : ; tn)return Vni=1Mat
hCand 0(qi; ti; �)end Figure 6: Mat
hing test for 
andidate 
leanupsponding substitution. Although Mat
hCand 
an implement the standard mat
hing algorithm,for the sake of eÆ
ien
y, in the algorithm shown in Figure 6 we assume that t has all pathsfrom q.2.5 Experiment SettingsIn the rest of the report we 
ompare experimentally several implementations of instan
e re-trieval. We want to perform extensive and reprodu
ible experiments on realisti
 ben
hmarks. Toful�ll these requirements, we have 
hosen to use the COMPIT methodology (see [Nieuwenhuis,Hillenbrand, Riazanov and Voronkov 2001℄). To make the ben
hmarks realisti
, a real prover isrun on real problems, and all operations related to instan
e retrieval are logged into a spe
ial�le. To test a parti
ular implementation, it is linked to a simple driver 
ode. The driver readsthe ben
hmark �le and submits the index update and retrieval operations, together with all thene
essary data, to the implementation in question. It also measures the time, taken by retrievaland index updates, memory, used by the index, 
olle
ts various statisti
s on the operations,and prints it all in a form suitable for easy maintaining and pro
essing of large databases ofexperimental results.For our experiments, we use all the 2896 equality problems from the TPTP library ([Suttnerand Sut
li�e 1997℄), version 2.4.1. The ben
hmarks are generated by running our systemVampire ([Riazanov and Voronkov 2002℄), v5.0, on a Pentium III ma
hine, 1GHz, 256Kb 
a
he,running Linux, giving it 200 se
onds time limit and 256Mb memory limit. Most of the time, wedeal with the 585 pure equality (PEQ) problems from this set, although in Se
tion 8 we givea summary of results on the general 
lass of problems with equality (GEQ). Figure 7 presentsthe main quantitative 
hara
teristi
s of both ben
hmark suites. The 
hara
teristi
s are �rst
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e Retrieval . . . 9GEQ PEQTotal number of problems 2896 585Average number of insertions 200866 59948Average number of deletions 162489 22419Average maximal index size 51897 40964Average indexed term size 9 12Average number of queries 15018 33577Average query size 10 14Average queried index size 26578 22858Average number of instan
es per query 11 25Figure 7: Ben
hmark suite pro�les
al
ulated for every parti
ular problem, and the 
orresponding �gures in the table are obtainedby dividing their sum by the number of parti
ipating problems.The main parameter of 
omparison is the overall time taken by both maintenan
e andretrieval. When two te
hniques are 
ompared, we 
ompare the sums of their running times onall problems from the ben
hmark suite in question, thus obtaining an average �gure. We also
ompare memory usage, whi
h is represented by two estimates: the lower and upper bound.The lower bound is the maximal amount of memory o

upied by the index datastru
tures. This�gure does not in
lude memory that was used by the datastru
tures but later re
laimed. This
orresponds to an ideal situation when all re
laimed memory 
an be reused by the index itself orother datastru
tures in the prover. Usually, this is not the 
ase, and to balan
e the 
omparisonwe also 
al
ulate the upper bound. In this 
ase we assume that the re
laimed memory 
an onlybe reused by the index itself, and the pie
es of memory, re
laimed but not reused, are in
ludedin the estimate. Sin
e in all our experiments the margin between the estimates turns out to benegligible (less than 1%), in what follows we only 
onsider the upper bound.All our implementations of indexing te
hniques are written in C++. The driver 
ode iswritten in C, so it 
an be used for testing implementations both in C an C++. The driver 
ode,some of the implementations of indexing te
hniques dis
ussed here, and the Vampire sour
e,modi�ed for ben
hmark 
olle
tion, will soon be publi
ally available as parts of the COMPITdistribution pa
kage [Nieuwenhuis et al. 2001℄.3 First ExperimentsWe start our investigation by 
omparing the performan
e of our implementation of dis
rimina-tion trees (Se
tion 2.3) with the standard implementation of path indexing (Se
tion 2.4.3). Onour main ben
hmark suite, the PEQ problems, the path indexing implementation is inferior todis
rimination trees, as it is 3.23 times slower, while uses 5% more memory.1 Nevertheless,the idea behind path indexing seems promising, and in the following three se
tions we des
ribeoptimisations that altogether make the standard path indexing te
hnique mu
h more attra
tive.1Here and below, when we dis
uss experimental data, for details the reader is referred to Se
tion 8, Figures 18and 19.



10 4 Better Path-List Representation
header N11 N22 N33 N44

N4 N4:key4N4:next [0℄N4:next [1℄N4:next [2℄ height(N4) = 3

N55 N66 N77 N88 N99 N1010 N1111 N1212 N1313 NIL
Figure 8: Skip list for [1; 2; : : : ; 12; 13℄4 Better Path-List RepresentationOur analysis of several randomly 
hosen exe
ution pro�les for the standard path indexing im-plementation indi
ated that, when the index is suÆ
iently large, most of the time is spenton traversing the path-lists. This traversal is needed for inserting terms into, and deletingthem from the index, as well as for 
omputing interse
tion of path-lists in retrieval attempts.Computing interse
tion amounts to 
he
king elements of the lists one by one. In any retrievalattempt, we are bound to traverse at least one of the lists 
ompletely. In the worst 
ase, all ofthem are traversed 
ompletely. Similarly, when inserting a term identi�er into a path list, wehave to skip one by one all smaller elements of the list. When the length of the path lists growswith the growth of the indexed set, the 
ost of su
h traversal be
omes inappropriately high.In order to identify possible dire
tions for optimisation, we 
onsider the following example.For simpli
ity we assume that the term identi�ers are integer numbers. Suppose that we wantto interse
t the list [11℄ with the list [1; : : : ; 13℄, i.e., a list, 
ontaining all integers between 1and 13. Before we 
ome to the right position in the se
ond list, we will have to 
he
k all itsten elements that are smaller than 11. This 
ould probably be done faster if we were able tojump over several elements of the se
ond list in one go. To this end we employ skip lists, see[Pugh 1990℄.Figure 8 shows an example of a skip list for representing the list of integers between 1 and13. A skip list 
an be viewed as an ordered linked list whose nodes are equipped with additionalpointers. In addition to the �eld for storing the key, a node in an ordered linked list 
ontains apointer to the next node. A node of a skip list may 
ontain a whole array next of pointers tosome nodes with greater values of keys. The size of the array is 
alled the height of the node.The height of the node N4 in Figure 8 is 3. The �rst element of the array, next [0℄, always pointsat the next node in the list. If a pointer next [i + 1℄ is not null, then next [i℄ is also not null,and if next [i + 1℄ 6= next [i℄, then the node identi�ed by next [i℄ pre
edes the one identi�ed bynext [i+1℄ in the list. The height of a node, identi�ed by a pointer next [i+1℄, is always greater
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e Retrieval . . . 11or equal to i. Moreover, it is the nearest node in the list with su
h height.The pointers next [i℄, where i > 0, are intended to fa
ilitate far jumps when the list istraversed. The pointer N4:next [2℄ in Figure 8 allows us to jump over three nodes: N5; N6 andN7. Normally, the bigger i is, the farther from the 
urrent node we 
an jump by using thepointer next [i℄.In addition to nodes of various heights, every skip list has an array header of pointers tonodes. The size of the array should not be smaller than the maximal height of a node in thelist. Every 
ell header [i℄ 
ontains the pointer to the �rst node in the list whose height is greaterthan i. Thus, header [0℄ always points to the very �rst node in the list.Skip list is a probabilisti
 datastru
ture in the following sense. For optimal performan
e ofsear
h, the heights of the nodes are 
hosen randomly, but a

ording to a 
ertain distribution.Ideally, 12 of all the nodes should be of the minimal height 1. Another 14 of the nodes should be ofthe height 2. In general, the fra
tion of nodes with a height i should be 12i . Our implementationapproximates this requirement by following the distribution when new nodes are added to alist. When a node is deleted, no adjustment is made to the remaining nodes. Sin
e the heightof a node is 
ompletely independent of the value of the key, we 
an not bias deletion towardssome parti
ular heights. Thus, deletion of nodes spoils the distribution very rarely.Suppose now that we are looking for the �rst element in the skip list from Figure 8, with akey greater than or equal to 10. First, we 
he
k the key in the node identi�ed by the highestpointer in the header, i.e., header [3℄. The key 8 < 10, whi
h means that we 
an immediately goto the node N8, thus skipping 7 nodes in one step. The highest pointer in the node N8 is null,so we have to go one level down in N8:next . Now N8:next [2℄ ! key = 12 > 10, and we haveto go one level down again. Finally, N8:next [1℄ ! key = 10 and we 
an report su

ess. Onlyminor adjustments are needed to implement insertion and removal on the base of the sear
halgorithm, as well as fast traversal needed for 
omputing interse
tion of skip lists.The expe
ted 
ost of sear
h in a skip list is logariphmi
 w. r. t. the length of the list (see[Pugh 1990℄). This suggests that an a

urate implementation of insertion, deletion and traversalon the base of the sear
h algorithm may radi
ally improve performan
e of the whole instan
eretrieval pro
edure. This hypothesis is supported by our experimental data. We have 
omparedtwo implementations that di�er only on the representation of path-lists on the PEQ problems.The implementation using skip lists turns out to be 12.6 times faster on average than thestandard one using ordinary sorted lists, although the index requires 1.51 more memory. Thememory 
onsumption overhead 
an be explained by the need to store one additional pointer onaverage, 
ompared to the nodes of ordinary sorted lists.5 Rearranging the Order of Path-List Interse
tionWhen running our implementations of path indexing on ben
hmarks with large indexed sets, wenoti
ed that the path-lists parti
ipating in the interse
tion vary in size very mu
h. Typi
ally,the average size of the lists may be big, but at the same time there may be a few very short path-lists, 
orresponding to the paths that are rare in the indexed set. Long path-lists typi
ally haverelatively many elements in 
ommon, while short path-lists tend to have few. This observationgives rise to another optimisation.Suppose we want to run our interse
tion pro
edure on the following �ve lists:



12 6 Compiled CleanupL1 = [1; 2; 3; : : : ; 100℄ (all integers from 1 to 100)L2 = [1; 3; 5; : : : ; 99; 100℄ (odd integers from 1 to 99, and 100)L3 = [2; 4; : : : ; 100℄ (even integers from 2 to 100)L4 = [1; 100℄L5 = [2; 100℄It turns out that the behaviour of our interse
tion pro
edure in Se
tion 2.4.3 is very sensitiveto the order in whi
h the lists are arranged. First, let us see how interse
t(L1; L2; L3; L4; L5)works. In the beginning of the outer loop, it �nds a 
ommon element in L1 and L2, and makesit the 
urrent 
andidate. In our example, all the 51 elements of L2 are eligible, and most ofthem are dis
arded at the next step as absent from the list L3. By the end of the pro
edureexe
ution, all elements of L1; L2 and L3 will be examined in some way. Representing the listsas skip lists does not help us mu
h, sin
e their main advantage, the possibility of far jumps,
an not be used in these settings.We 
an fa
ilitate more far jumps if we rearrange the order of lists, 
onsidering shorter listsbefore longer ones. Exe
ution of interse
t(L4; L5; L3; L2; L1) qui
kly dis
overs that L4 \ L5
onsists of only one element 100, thus in the lists L3; L2 and L1 we only need to make a few farjumps skipping all elements smaller that 100. Moreover, it often happens that the interse
tionof a few shortest path-lists is empty, and we 
an avoid pro
essing the longer lists 
ompletely.Experimental 
omparison on the PEQ problems shows that adding this heuristi
 to theimplementation based on skip lists, makes it 1.6 times faster on average. Sin
e the overheadfor sorting the path-lists by size is very small, the implementation with this heuristi
 neverperforms worse than the one without it.6 Compiled CleanupNow, when the retrieval of 
anditates has be
ome relatively fast, a signi�
ant part of the overalltime is often spent on �ltering out the wrong 
andidates and extra
ting the substitutions, whi
hmakes it a potential target for optimisations. On 
leanup, we 
all the pro
edureMat
hCand (q; t)(see Se
tion 2.4.3) on many di�erent 
andidate terms t for one �xed query term q. This suggeststhat we 
an use spe
ialisation with 
ompilation.The idea of spe
ialisation of algorithms with 
ompilation, see, e.g, [Voronkov 1995, Riazanovand Voronkov 2000℄, is based on partial evaluation. Suppose that we need to exe
ute somealgorithm alg(A;B) in a situation where a value of A is �xed for potentially many di�erentvalues of B. In order to do this eÆ
iently, we 
an try to �nd a spe
ialisation of alg for every�xed A, i.e., su
h a algorithm algA, that exe
uting algA(B) is equivalent to exe
uting alg(A;B).The spe
ialised algorithm may be more eÆ
ient than the generi
 one, sin
e it 
an exploit someparti
ular properties of the �xed value A. Typi
ally, algA(B) 
an avoid some operations thatalg(A;B) would have to perform, if they are known to be redundant for this parti
ular parameterA. In parti
ular, we 
an often identify some tests that are true or false for A, unroll loops andre
ursion, et
.The spe
ialised algorithm has to be represented in a form that 
an be interpreted, usu-ally as a 
ode of some abstra
t ma
hine. Then the 
ode itself 
an be additionally optimisedby equivalent transformations that rely only on the semanti
s of instru
tions of the abstra
tma
hine.Instru
tions of the abstra
t ma
hine 
an usually be represented as re
ords. One �eld of su
ha re
ord stores an integer tag that identi�es the instru
tion type, other �elds may be used for
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e Retrieval . . . 13storing additional parameters of the instru
tion, for example a pointer to another instru
tionrepresenting a label, if the semanti
s of the instru
tion requires a jump. All instru
tions of a
ode 
an be stored in an array, or list, or tree. Interpretation is done by fet
hing instru
tionsin some order, identifying their type and exe
uting the a
tions asso
iated with this type. InC or C++ we 
an use a swit
h statement to asso
iate some a
tions with di�erent instru
tiontags. Modern 
ompilers usually 
ompile a swit
h statement for an integer value with many
ases rather eÆ
iently. This is a
hieved by storing the address of the statement 
orrespondingto a value i in the i-th 
ell of a spe
ial array.Now, let us show how this method works for 
andidate 
leanup. Suppose we are trying tomat
h a query term q = f(g(g(a; a); a); h(x0); g(x1; x0)) against some 
andidate term t. If themat
hing is su

essful, t must 
ontain all paths in q and be of the formf(g(g(a; a); a); h(t(1)); g(t(2); t(3))). Exe
ution of the straightforward algorithmMat
hCand (q; t)requires traversing the terms q and t in parallel, and q has to be traversed 
ompletely. Inparti
ular, we have to traverse the subterm g(g(a; a); a) both in q and t, whi
h is redundantbe
ause we allready know that t 
ontains all paths of q. During traversal, we examine the topsymbol of every visited subterm to see if it is a variable. This is also redundant, sin
e we knowthe stru
ture of q. Finally, for every o

uren
e of a variable in q we have to 
he
k if it has beeninstantiated. When we get to the �rst o

uren
e of x0 in q, this test is redundant sin
e we knowthat so far x0 has not been 
onsidered at all. When we get to the se
ond o

uren
e, the testis redundant again, sin
e we know that x0 has been instantiated when its �rst o

uren
e wasvisited.These redundant a
tions 
an be avoided in the spe
ialised version of Mat
hCand . Theessen
e of the algorithm for Mat
hCand q(t) 
an be des
ribed in the following way. The pro
e-dure has to get to the subterms t(1); t(2) and t(3) as qui
kly as possible. As soon as we get botht(1) and t(3), we 
he
k that they are equal. When either t(1) or t(3) is known, we make it theinstan
e of x0 in the substitution �, and as soon as t(2) is known, we make it the instan
e of x1.Let us see how Mat
hCand q(t) 
an be 
ompiled. We rely on the following representationof indexed terms. A term f(t1; : : : ; tn) is represented by a stru
ture, 
ontaining f as the �rst�eld, together with an array arg of pointers identifying the subterms ti. We assume that theterms are perfe
tly shared, that is, only one 
opy of every term is stored, then 
omparison ofterms 
an be implemented by 
omparing the pointers. The memory of our abstra
t ma
hinewill 
onsist of a variable A for storing a pointer to an array of term arguments, and a suÆ
ientlylarge array B for storing su
h pointers. The resulting substitution � is stored as an array subst ,su
h that subst [i℄ is the pointer representing xi�. Parameters of instru
tions denoted by p andr will be pointers to 
ells in B and subst 
orrespondingly, and those denoted by i are integernumbers. The list of basi
 instru
tions, together with their semanti
s, is given in Figure 9.Now, the algorithm for Mat
hCand f(g(g(a;a);a);h(x0);g(x1;x0))(t) 
an be 
ompiled into the se-quen
e of instru
tions, shown in Figure 10. In its turn, the 
ode 
an be optimised in several ways.For example, instru
tions 6 and 7 
an be swapped. This transformation makes sense be
ause in-stru
tion 7 may fail, and in this 
ase we do not have to exe
ute instru
tion 6. Also, we 
an pa
ksome subsequent instru
tions into bigger ones. For example, we 
an pa
k Store p and Down iinto an instru
tion StoreAndDown p; i with the following semanti
s: �p := A; A := A[i℄! arg .This enables our implementation language 
ompiler to use a ma
hine register for storing thevalue of A used in the assignment �p := A and for a

essing A[i℄ later. Additionally, thistransformation redu
es the total number of instru
tions, and thus the time spent on movingbetween instru
tions and examining their tags.To assess the proposed te
hnique experimentally, we have implemented it on top of the



14 6 Compiled Cleanup
Tag Parameters Semanti
sInit A := t! argStore p �p := ARestore p A := �pDown i A := A[i℄! argInstantiate r; i �r := A[i℄Compare r; i if �r 6= A[i℄ return failureSu

ess return su

essFigure 9: Instru
tions for the 
andidate 
leanup abstra
t ma
hine

/* assume t = f(g(g(a; a); a); h(t(1)); g(t(2); t(3))) */0 Init /* A := (g(g(a; a); a); h(t(1)); g(t(2); t(3))) */1 Store B + 0 /* B[0℄ := (g(g(a; a); a); h(t(1)); g(t(2); t(3))) */2 Down 1 /* A := (t(1)) */3 Instantiate subst + 0; 0 /* subst [0℄ := t(1) */4 Restore B + 0 /* A := (g(g(a; a); a); h(t(1)); g(t(2); t(3))) */5 Down 2 /* A := (t(2); t(3)) */6 Instantiate subst + 1; 0 /* subst [1℄ := t(2) */7 Compare subst + 0; 1 /* if t(1) 6= t(3) return failure */8 Su

ess Figure 10: Code for Mat
hCand f(g(g(a;a);a);h(x0);g(x1;x0))(t)
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andidate retrieval implementation des
ribed in the previous se
tion. The new implementationwith 
ompiled 
leanup proved to be on average 1.2 times faster then the older one withstraightforward 
leanup on the PEQ problems. The 
ompilation-related overhead never leadsto any noti
eable slowdown.7 Relational Path IndexingSo far we have only dis
ussed some ways of eÆ
iently implementing the same standard pathindexing s
heme, where retrieval of 
andidates 
ontaining all paths from the query is 
ompletelyseparated from the 
leanup operations. Now we are going to des
ribe a novel path indexingbased te
hnique, where the 
leanup is tightly integrated with the 
andidate retrieval pro
ess.Roughly, the integration is done by interleaving path-list interse
tion operations with equalitytests on subterms of the indexed terms. We would like to make it 
lear from the beginningthat the main purpose of introdu
ing the new te
hnique is not only performan
e gains over theeÆ
ient implementation of standard path indexing, presented earlier. The proposed te
hniqueemploys a very de
larative des
ription of retrieval with perfe
t �ltering, and as su
h, it providesa logi
ally 
lear and 
exible base for more 
omplex operations, like instan
e retrieval modulo
ommutativity and ba
kward subsumption on multiliteral 
lauses, whi
h will be dis
ussed later.A detailed formal des
ription of the proposed te
hnique would be unne
essarily long, so werestri
t ourselves to 
onsidering an example and exposing the logi
 behind it.7.1 General S
heme for RetrievalEvery path � in a term t identi�es a subterm t=� in t, whose top symbol 
oin
ides withthe last symbol in the path. For example, t=[f:1:g℄ = g(a; a) and t=[f:3:h℄ = h(a; b), if t =f(g(a; a); a; h(a; b)). Denote by arg i, where i is a positive integer, the fun
tion on terms whi
hreturns the ith argument of a term. For example, arg3(f(x0; a; h(x1))) = h(x1). Suppose thatwe have a query q = f(g(x0; x0); a; h(x1; x0)). Instan
es of q and 
orresponding substitutions 
anbe 
hara
terised by the following 
ondition: t = q� if and only if [f:1:g℄; [f:2:a℄; [f:3:h℄ 2 Paths(t)and x0� = arg1(t=[f:1:g℄) = arg2=(t=[f:1:g℄) = arg2(t=[f:3:h℄), and x1� = arg1(t=[f:3:h℄). Thus,we 
an organise retrieval of instan
es of q from a term set I by simply sele
ting all terms in Isatisfying this 
ondition.In order to give a �ner des
ription of the proposed te
hnique, we need a notion of path-relation de�ned below, whi
h repla
es the notion of path-list. From now on, given a set ofindexed terms I and a path �, I� will denote a path-relation rather than a path-list for �.The word \relation" is used in the same sense as in relational databases, i.e., it means a �nite
olle
tion of re
ords with named attributes. If a path � ends in a fun
tion symbol f of arityn, the path-relation I� will have an attribute term ranging over terms (term identi�ers), andattributes argi, whose values are also terms. For any term t 2 I, if the path � is in t andt=� = f(t1; : : : ; tn), then the path-relation will 
ontain su
h a re
ord r, that r:term = t andr:arg1 = t1; : : : ; r:arg1 = tn.As an example, 
onsider a small indexed set I = ft1; t2; t3g, where t1 = f(g(a; a); a; h(b; a)),t2 = f(g(a; b); a; h(b; b)) and t3 = f(g(a; a); a; a). The path-relations for the paths [f:1:g℄, [f:2:a℄and [f:3:h℄ are shown in Figure 11.The analogy with relational databases 
an be extended to retrieval in the following way.Sin
e I 
an be viewed as a relational database, we 
an des
ribe the set of all substitutions
orresponding to instan
es of a query q, as an SQL query. For example, the query q =



16 7.2 ImplementationsI[f:1:g℄ : term arg1 arg2t1 a at2 a bt3 a a I[f:2:a℄ : termt1t2t3 I[f:3:h℄ : term arg1 arg2t1 b at2 b bFigure 11: Path relations for I = ft1; t2; t3g, where t1 = f(g(a; a); a; h(b; a)),t2 = f(g(a; b); a; h(b; b)) and t3 = f(g(a; a); a; a)sele
t I[f:1:g℄:term instan
e; I[f:1:g℄:arg1 x0; I[f:3:h℄:arg1 x1from I[f:1:g℄; I[f:2:a℄; I[f:3:h℄whereI[f:1:g℄:term = I[f:2:a℄:term = I[f:3:h℄:termandI[f:1:g℄:arg1 = I[f:1:g℄:arg2 = I[f:3:h℄:arg2Figure 12: Relational query for f(g(x0; x0); a; h(x1; x0))f(g(x0; x0); a; h(x1; x0)) translates into the SQL query depi
ted in Figure 12. To evaluate thisquery, we build the Cartesian produ
t of the path-relations, spe
i�ed in the from-
lause, throwaway those re
ords that do not satisfy the where-
lause and, �nally, build the answer tablewith two attributes 
orresponding to the 
olumns I[f:1:g℄:term, I[f:1:g℄:arg1 and I[f:3:h℄:arg1in the Cartesian produ
t. The value of the instan
e attribute in the answer table 
ontains aretrieved instan
e, and the values for x0 and x1 represent the 
orresponding substitution. Of
ourse, this is only a de
larative view. One would almost 
ertainly use a more eÆ
ient pro
essin pra
ti
e. The where-
lause in the query 
ontains a number of equality 
onditions on theattributes of the input tables. The 
onditions on the term attribute 
orrespond to 
andidateretrieval, sin
e they ensure that extra
ted indexed terms have all the paths from the query.The 
onditions on argi implement the ne
essary 
leanup, as they �lter out the 
andidates thathave di�erent terms under the paths leading to equal variables in the query. In the relationaldatabase terminology, su
h 
onstraints are 
alled join 
onditions, and the answer table is 
alleda join of the input relations. The proposed te
hnique, whi
h we 
all relational path indexing,provides perfe
t �ltering for instan
e retrieval, provided that all the ne
essary path-relationsparti
ipate in the join and all the ne
essary 
onditions are present in the where-
lause.7.2 ImplementationsIn all our implementations of relational path indexing, the indexing datastru
ture is very similarto that for the standard variant of path indexing, des
ribed earlier. We are using the same trieto a

ess the path-relations. The path-relations themselves are represented by skip lists, whosenodes 
ontain an indexed term as the key for ordering, and an additional pointer to the arrayof immediate subterms of the subterm, identi�ed by the path. Using the indexed term as a keyallows eÆ
ient joins on the term attribute. They are 
omputed in the same way as interse
tionof path-lists represented by skip lists. When a re
ord of a path-relation has been joined toothers by the term attribute, the additional pointer 
an be used to a

ess the values of argi.
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e Retrieval . . . 177.2.1 Simple Implementation of RetrievalAs a starting point, we have implemented retrieval in a way similar to the one used in thestandard te
hnique. The join on term and the 
leanup are separated. Roughly speaking, we�rst 
ompute (in a lazy manner) the join on term, and for ea
h re
ord from the join we 
he
kthe 
leanup 
onditions.7.2.2 Early CleanupThe relational des
ription of a query is de
larative, it does not impose any 
onstraints on howthe joins are 
omputed. In parti
ular, the order in whi
h they are 
omputed does not a�e
t theresult. We 
an exploit this by doing some 
leanup operations before some operations neededto build the join on term. Let us 
onsider the query q = f(g(x0; x0); a; h(x1; x0)) from theexample above. As soon as we know that some term t has the path [f:1:g℄, we 
an 
he
k the
ondition arg1(t=[f:1:g℄) = arg2(t=[f:1:g℄). If this inexpensive test fails, we avoid exe
ution ofoperations needed to 
he
k that [f:2:a℄; [f:3:h℄ 2 Paths(t). Similarly, when both [f:1:g℄ and[f:3:h℄ are known to be in t, we 
an immediately 
he
k arg1(t=[f:1:g℄) = arg2(t=[f:3:h℄). Ingeneral, we 
he
k a 
leanup 
ondition as soon as the parti
ipating re
ords be
ome available asa result of joining on the term attribute.7.2.3 Combining Joins with Compiled CleanupThe example 
onsidered above hides one inherent drawba
k of relational path indexing. In thequery q = f(g(x0; x0); a; h(x1; x0)) all variable o

uren
es are arguments of subterms, identi�edby maximal paths. This is not the 
ase in general, so we 
an no longer restri
t ourselves to
onsidering only maximal paths. Any path in a query leading to a subterm 
ontaining some vari-ables as immediate subterms, 
ontributes to the join. For example, in q = g(x0; g(x0; g(x1; a))),instead of simply taking all terms from I[g:2:g:2:g:2:a℄ as 
andidates, we have to a

ess 
orre-sponding re
ords in I[g℄;I[g:2:g℄ and I[g:2:g:2:g℄, in order to �nd possible instantiatons of thequery variables. Although dealing with su
h paths amounts to relatively eÆ
ient sear
h in skiplists, it is too often beaten on performan
e by 
ompiled 
leanup. It is natural to try 
ombiningthe advantages of 
ompiled 
leanup and early 
leanup. We have implemented this idea in thefollowing opportunisti
 way. Only those o

uren
es of variables in the query that are undermaximal paths, give rise to join 
onditions that 
an be 
he
ked early. No additional path-relations need to be 
onsidered to 
he
k these 
onditions. If there are other variables, the joinbuilt in su
h a way may 
ontain bad 
andidates �ltered out by the additional 
ompiled 
leanupin the same way as it is done for standard path indexing.7.3 ExperimentsWe have 
ompared experimentally the three implementations, presented here against our bestimplementation of standard path indexing, whi
h uses 
ompiled 
leanup, on the PEQ problems.All the new implementations use the same amount of memory, whi
h is on average 27% morethan the amount used by the fast standard path indexing. The �rst implementation (withoutearly 
leanup) is also 1:35 times slower. This is still an en
ouraging result. We 
an a�ord amoderate drop in performan
e, sin
e we are mostly aiming at �nding a 
exible base for futureextensions. The se
ond implementation, employing early 
leanup, is only 1.14 times slower.The third implementation, 
ombining early and 
ompiled 
leanup, is already 1.11 times faster
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e Retrieval Modulo Commutativitythan the standard te
hnique with 
ompiled 
leanup. This �gure shows the sheer value of theearly 
leanup optimisation.7.4 Instan
e Retrieval Modulo CommutativityNow we are going to show how relational path indexing 
an be used for instan
e retrieval modulo
ommutativity of some binary fun
tions. For simpli
ity, we assume that the only 
ommutativefun
tion symbols in the signature is +. Synta
ti
 equality =C on terms modulo 
ommutativityis de�ned in the following way:s =C t, 8>>><>>>: s = t;or s = f(s1; : : : ; sn); t = f(t1; : : : ; tn); f 6= +; si =C ti for i = 1; : : : ; n;or s = +(s1; s2); t = +(t1; t2); s1 =C t1; s2 =C t2;or s = +(s1; s2); t = +(t1; t2); s1 =C t2; s2 =C t1Any term, equal modulo 
ommutativity to a term t, will be 
alled a rotation of t.Term t is an instan
e of s modulo 
ommutativity, if t =C s� for some substitution �. Substi-tutions �1 and �2 are equivalent modulo 
ommutativity, if x�1 =C x�2 for any variable x. Nowinstan
e retrieval modulo 
ommutativity is the following algorithmi
 problem. Suppose that weare given a term set I, whose elements are pairwise distin
t modulo 
ommutativity. For anyquery term q, �nd all su
h substitutions �, that q� =C t for some term t 2 I. Obviously, we
an restri
t ourselves by 
onsidering only substitutions that are pairwise inequivalent modulo
ommutativity.One 
an try to solve this problem by adapting an indexing te
hnique for ordinary instan
eretrieval. For example, a possible solution is to store all rotations of terms from I in theindex. In most 
ases this is not a

eptable, as the index grows very qui
kly: every term withn 
ommutative symbols may potentially have 2n di�erent rotations. Alternatively, we 
ankeep the index as it is, and try all rotations of the query for retrieval, provided the retrievalalgorithm is adjusted to a

omodate synta
ti
 equality modulo 
ommutativity. In this 
aseretrieval be
omes 
ostly, as the number of its invo
ations grows drasti
ally. Fortunatelly, theidea of relational path indexing allows us to formulate an elegant solution whi
h is free fromsu
h drawba
ks and is likely to be eÆ
ient in pra
ti
e.The basi
 idea behind the proposed te
hnique is as follows. The arguments of a 
ommutativefun
tor 
an permute freely, so we do not distinguish the argument numbers, following 
ommu-tative symbols in the paths. This observation is made in the 
on
lusion of [M
Cune 1992℄, andis also used in [Graf 1996℄ for de�ning a �lter for instan
e retrieval modulo asso
iativity and
ommutativity. As long as only 
ommutativity is 
on
erned, we go slightly further by providinga perfe
t �lter.A path � is 
alled normalised, if every argument number immediately following a 
om-mutative symbol in � is equal to 1. With every path � we asso
iate a normalised pathnorm(�), whi
h is obtained from � by repla
ing the 
orresponding argument numbers by 1.Additionally, we 
onsider denormalising bit ve
tor denorm(�), su
h that denorm(�)[i℄ = 0 ifand only if the i-th o

uren
e of a 
ommutative symbol in � is followed by 1. For example,norm([+:2:+ :1:+ :2:a℄) = [+:1:+ :1:+ :1:a℄ and denorm([+:2:+ :1:+ :2:a℄) = 101. It is obviousthat any path � 
an be restored from norm(�) and denorm(�).The indexing datastru
ture for a term set I 
onsists of path-relations I� for every normalisedpath �. Every path-relation I� has the attribute term ranging over terms, and an attribute
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Figure 13: Tree representation of t = +(+(a; f(b; 
));+(
; f(a; b)))I[+:1:+℄ : term arg denorm... ... ...t a 00t f(b; 
) 01t 
 10t f(a; b) 11... ... ...

I[+:1:+:1:f ℄ : term arg1 arg2 denorm... ... ... ...t b 
 01t a b 11... ... ... ...
Figure 14: Some path-relation re
ords for t = +(+(a; f(b; 
));+(
; f(a; b)))denorm, whose values are bit ve
tors. If a path � ends in a 
ommutative symbol, the path-relation I� has a term-valued attribute arg, otherwise it has attributes argi, as before. Everypath � in a term t 2 I, ending in a 
ommutative symbol, generates two re
ords r1; r2 in thepath-relation Inorm(�) with the following values: r1:term = r2:term = t, r1:arg = arg1(t=�),r2:arg = arg2(t=�), r1:denorm = denorm(�) � 0 and r2:denorm = denorm(�) � 1, where �denotes 
on
atenation. If � ends in a non-
ommutative symbol, it generates one re
ord r inInorm(�), where r:term = t, r:argi = arg i(t=�) and r:denorm = denorm(�).For example, 
onsider the term t = +(+(a; f(b; 
));+(
; f(a; b))). The tree representationof this term is shown in Figure 13. The entries in I[+:1:+℄ and I[+:1:+:1:f ℄ generated by this termare shown in Figure 14.The query term +(x0;+(x1; f(x0;+(a; x1)))) 
an be translated into a relational query asshown in Figure 15. The logi
 behind this translation is as follows. Any instan
e t of the queryis a rotation of some term of the form +(t(1);+(t(2); f(t(3);+(a; t(4))))), where t(1) =C t(3) andt(2) =C t(4). As su
h, t must have some paths �1 = [+℄, �2 = [+:i1:+℄, �3 = [+:i2: + :i3:f ℄,�4 = [+:i4:+ :i5:f:2:+ :i6:a℄ and �5 = [+:i7:+ :i8:f:2:+℄, where all ik 2 f1; 2g. This restri
tion isrepresented by the join 
ondition on the term attribute in the relational query. The 
onditionR1:denormj1 6= R2:denormj1 re
e
ts the requirement that t(1) and +(t(2); f(t(3);+(a; t(4))))
orrespond to di�erent arguments of the top fun
tion symbol in t. The operation jn on bitve
tors is de�ned as follows: for a bit ve
tor b, bjn denotes its subve
tor 
onsisting of the �rst nbits of b. Sin
e the paths �2 and �3 lead inside the same immediate subterm of t, the numbers i1and i2 must 
oin
ide, whi
h explains the join 
ondition R2:denormj1 = R3:denormj1. Other
onditions on denorm are explaned in the same manner. Finally, the 
onditions t(1) =C t(3)and t(2) =C t(4) give rise to the last line of the where-
lause.We believe that the proposed s
heme 
an be eÆ
iently implemented. All our optimisations,dis
ussed so far, are transferable to some extent. We 
an represent path-relations as skip lists,to fa
ilitate fast join on the term attribute. Clusters of re
ords in a path-relation with the same
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kward Subsumption on Multiliteral Clausessele
t R1:term instan
e; R1:arg x0; R2:arg x1from I[+℄ R1; I[+:1:+℄ R2; I[+:1:+:1:f ℄ R3; I[+:1:+:1:f:2:+:1:a℄ R4; I[+:1:+:1:f:2:+℄ R5whereR1:term = R2:term = R3:term = R4:term = R5:termandR1:denormj1 6= R2:denormj1andR2:denormj1 = R3:denormj1andR2:denormj2 6= R3:denormj2andR3:denormj2 = R4:denormj2 = R5:denormj2andR4:denormj3 6= R5:denormj3andR1:arg =C R3:arg1 and R2:arg =C R5:argFigure 15: Relational query for +(x0;+(x1; f(x0;+(a; x1))))values of the term attribute 
an be 
olle
ted into lists. Che
king the 
leanup join 
onditionsearly is possible at least for the paths not 
ontaining 
ommutative symbols. Moreover, it islikely that early 
he
ks of the 
onditions on the denorm ve
tors 
an also help. Comparingpre�xes of the denorm ve
tors 
an be done 
heaply by using bitwise shifts, if the ve
torsare properly represented. Compiled 
leanup is dire
tly appli
able to the paths, not 
ontaining
ommutative symbols, and for others the 
ode 
an use the values of denorm to dire
t traversalof a 
andidate term. Testing synta
ti
 equality of terms modulo 
ommutativity should not
ause many problems. In the simplest 
ase, the indexed terms and their subterms 
an be storedin a normalised form, unique for all terms, equal modulo 
ommutativity. Alternatively, we 
anasso
iate with every term a pointer to its normal form.7.5 Ba
kward Subsumption on Multiliteral ClausesNow we are going to show how the relational path indexing s
heme 
an be adapted to solvinganother hard de
ision problem: ba
kward subsumption. The subsumption relation is de�ned onarbitrary �rst-order 
lauses, whi
h 
an be viewed as multisets of literals, in the following way.A 
lause C subsumes a 
lause D, if there exists a substitution �, su
h that C� is a submultisetof D. For example, the 
lause p(x; y) _ q(y; z) subsumes the 
lause p(a; b) _ q(b; 
) _ r, andthe required substitution is fx ! a; y ! b; z ! 
g. We 
an redu
e the sear
h spa
e in asaturation-based prover by applying the so-
alled ba
kward subsumption. When a new 
lauseis added to the 
urrent 
lause multiset, we 
an dis
ard those old 
lauses that are subsumed bythe new one.As a retrieval 
ondition, ba
kward subsumption amounts to �nding all 
lauses in a 
lausemultiset I, subsumed by a given query 
lause Q. This problem is related to instan
e retrieval,sin
e every literal in the query has an instan
e in a subsumed 
lause. So, it is natural totry to adapt an instan
e retrieval te
hnique to the new problem. Here we des
ribe a solutionto the ba
kward subsumption problem, based on relational path indexing, as implemented in
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l arg1 arg2 lit... ... ... ...C a b 1C b 
 2... ... ... ...
I[:p:1:f ℄ :
l arg1 arg2 lit... ... ... ...C 
 d 3... ... ... ...Figure 16: Some path-relation re
ords for C = p(f(a; b)) _ p(f(b; 
)) _ :p(f(
; d))our system Vampire ([Riazanov and Voronkov 2002℄). Due to its importan
e and diÆ
ulty,ba
kward subsumption is the subje
t of a separate forth
oming publi
ation. The des
riptionbelow is super�
ial and only intended to illustrate the 
exibility of our approa
h.First of all, let us show how the index for a 
lause set I is 
onstru
ted. The indexed 
lausesare 
onsidered as sequen
es, rather then multisets. Only one sequen
e representation of a 
lauseis used for indexing, and the 
hoi
e of it is irrelevant. The notion of a path 
hanges sliglhtly.We are going to speak only about paths in literals, so the �rst element in a path is now alwaysa literal header, i.e., a predi
ate with polarity, rather than a fun
tion symbol. As in the 
ase ofinstan
e retrieval, the index provides a mapping of all paths � into 
orresponding path-relationsI�. The path-relations have an attribute 
l ranging over 
lause identi�ers, a attributes argias in instan
e retrieval, and an integer-valued attribute lit. Let C be a 
lause L1 _ : : : _ Ln.If a literal Lj in C 
ontains a path �, the path-relation I� should have a re
ord r with thefollowing values: r:
l = C, r:lit = i and r:argi = arg i(Lj=�). For example, 
onsider the 
lauseC = p(f(a; b)) _ p(f(b; 
)) _ :p(f(
; d)). The entries in I[p:1:f ℄ and I[:p:1:f ℄ generated by this
lause are shown in Figure 16.With su
h an index we 
an perform retrieval of subsumed 
lauses by following our generals
heme: by translating query 
lauses into relational queries. For example, 
onsider a query
lause Q = p(f(x0); g(x1))_ p(f(x1); g(x2))_:p(x0; a), whi
h translates into the SQL query inFigure 17. The translation is justi�ed by the following 
onsiderations. Every 
lause subsumedby Q must have three di�erent literals p(f(t(1)); g(t(2))), p(f(t(3)); g(t(4))) and p(t(5); a), wheret(1) = t(5) and t(2) = t(3). As su
h, it must 
ontain the paths [p:1:f ℄, [p:2:g℄, [:p℄ and [:p:2:a℄,morever the �rst and se
ond paths must o

ur at least twi
e. This requirement translates intothe join 
ondition on the 
l attribute. Two of the literals above have both [p:1:f ℄ and [p:2:g℄,and the remaining one has both [:p℄ and [:p:2:a℄. This gives rise to the se
ond line in thewhere-
ondition. All the tree literals are di�erent elements of the subsumed 
lause (although,may be synta
ti
ally equal), and this is re
e
ted by the third line in the where-
ondition. Thelast line realises the requirements t(1) = t(5) and t(2) = t(3).8 More ExperimentsTo give the reader the big pi
ture, we start this se
tion with a summary of results of theexperiments dis
ussed in di�erent parts of the report. The table in Figure 18 shows the resour
eusage by di�erent implementations, relative to our implementation of dis
rimination trees. Togive the reader a feeling of 
omplexity of the used ben
hmarks, we also mention the averagetime and memory usage per problem. The names of te
hniques are abbreviated in the followingway. When the standard s
heme is used, whi
h separates 
andidate retrieval from 
leanup, the



22 8 More Experimentssele
t R1:
l subsumed 
lausefrom I[p:1:f ℄ R1; I[p:2:g℄ R2; I[p:1:f ℄ R3; I[p:2:g℄ R4; I[:p℄ R5; I[:p:2:a℄ R6whereR1:
l = R2:
l = R3:
l = R4:
l = R5:
l = R6:
landR1:lit = R2:lit and R3:lit = R4:lit and R5:lit = R6:litandR1:lit 6= R3:lit and R1:lit 6= R5:lit and R3:lit 6= R5:litandR1:arg1 = R5:arg1 and R2:arg1 = R3:arg1Figure 17: Relational query for p(f(x0); f(x1)) _ p(f(x1); f(x2)) _ :p(x0; a)impl time(dis
)time(impl) memory(dis
)memory(impl) averagetime(impl),se
 averagememory(impl),Mbdis
rimination trees 1.00 1.00 91.3 3.1std 0.31 0.95 291.5 3.3std+sl 3.95 0.63 23.1 4.9std+sl+srtp 6.33 0.63 14.4 4.9std+sl+srtp+

u 7.58 0.63 12.1 4.9rel 5.60 0.50 16.3 6.2rel+e
u 6.64 0.50 13.8 6.2rel+e
u+

u 8.43 0.50 10.8 6.2Figure 18: Experimental results on PEQname starts with std. If an implementation relies on skip lists (Se
tion 4) rather than sortedones, sl is added to the name, srtp means that sorting of path-lists (Se
tion 5) is used , and 

ustands for \
ompiled 
leanup" (Se
tion 6). The implementations, based on relational queries(Se
tion 7) 
ontain rel in their names. Please, noti
e that every su
h implementation employsskip lists and sorting of path-relations. Early 
leanup (Se
tion 7.2.2) is indi
ated by e
u. Theused implementation of dis
rimination trees is 
alled dis
.So far we have only experimented with pure equality problems. It is natural to ask whetherthe results are transferable to arbitrary problems with equality. The answer is \not quite", asshown in Figure 19. The table indi
ates that the performan
e gains from all our optimisations,ex
ept the use of skip lists, are rather modest 
ompared to the ones in the 
ase of pure equalityproblems. There is a simple explanation to this e�e
t. The introdu
tion of skip lists is theonly optimisation that a�e
ts the speed of updates, the others improve only retrieval, oftenat the expense of more 
omplex updates. The PEQ problems are 
hara
terised by relativelyhigh frequen
e of retrieval attempts. On average, only 2.5 update operations are performed perretrieval attempt, while for GEQ the 
orresponding value is 24.2 (see Figure 7). On GEQ theshare of index updates in the overall time for std+sl and rel is 34% and 43% 
orrespondingly,while on PEQ it is 4% and 6%, leaving mu
h more spa
e for retrieval-oriented optimisations.
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)time(impl) memory(dis
)memory(impl) averagetime(impl),se
 averagememory(impl),Mbdis
rimination trees 1.00 1.00 23.0 3.4std 0.07 0.98 309.8 3.5std+sl 2.94 0.63 7.8 5.3std+sl+srtp 3.89 0.63 5.9 5.3std+sl+srtp+

u 4.33 0.63 5.3 5.3rel 3.57 0.52 6.4 6.5rel+e
u 3.91 0.52 5.9 6.5rel+e
u+

u 4.48 0.52 5.1 6.5Figure 19: Experimental results on GEQFinally, we would like to warn the reader against drawing from our results a 
on
lusion thatpath indexing is always preferable to dis
rimination trees. We 
an easily imagine a situationwhen memory usage or index maintenan
e time is 
riti
al. Dis
rimination trees is a veryuniversal te
hnique, whi
h means that the same index stru
ture 
an support more than oneretrieval relation, thus saving on memory and updates. Substitution trees [Graf 1995℄ or 
ontexttrees [Ganzinger, Nieuwenhuis and Nivela 2001℄ 
ould be another te
hnique worth trying.9 Related and Future WorkThe path indexing method was introdu
ed by M. Sti
kel in [Sti
kel 1989℄ and R. Ramesh e.al.[Ramesh et al. 1990℄. In [M
Cune 1992℄ W. M
Cune 
ompares experimentally an implemen-tation of path indexing, 
orresponding 
losely to what we 
all standard implementation, witha number of variants of dis
rimination trees. The 
omparison is done for several retrieval re-lations, in
luding instan
e retrieval. In the book of P. Graf [Graf 1996℄, a wide range of pathindexing te
hniques is thoroughly des
ribed for most, if not all, interesting retrieval relations,together with a number of implementation tri
ks. In parti
ular, an unsu

essful attempt to
ombine 
andidate retrieval with 
leanup in one pro
edure, extended path indexing, is dis
ussed.Also, a promising te
hnique is formulated for dealing with retrieval modulo ass
o
iativity and
ommutativity.The work, des
ribed in this report, 
an be 
ontinued in the following dire
tions. Firstof all, we are preparing a thorough experimental assesment for the ba
kward subsumptionimplementation outlined in Se
tion 7.5, and, hopefully, a publi
ation will follow, des
ribing thete
hnique in more detail. The te
hnique for instan
e retrieval modulo 
ommutativity (Se
tion7.4) is to be implemented, and a COMPIT-style infrastru
ture for experiments is to be 
reated.We also believe that eÆ
ient indexing te
hniques 
an be 
onstru
ted for instan
e retrievalmodulo asso
iativity and 
ommutativity along the lines of relational path indexing. Anotherpromising dire
tion is to try to improve the behaviour of the variation of the standard te
hnique,whi
h restri
ts the length of a path (see [M
Cune 1992℄) and, thus, uses less memory. We believethat some improvement may be obtained by using 
ompiled 
leanup as in Se
tion 6.
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